
Automorphisms of free groups, understood geometrically
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Acb reducedwords of a se b's
i e ab a bat b a CLabs abb ka

Fn Laya XD we have thebeicture

iB x Yippie
free Stubs are like discrete noncommutative vectorspaces
Hsevector skates we have a standard basis xnxz.mx
off here are other bases for example Xi Xxiii'sxxsxiixxex.TKhap f Fetffe flxdnxyffxzfxixzxihfc.at
is in fact an automorphismofFei ingenergy
f G G is on automathish iff fo a firingbasis 8 6

f 8 is a basis for 6

Aside Intraffa Cfn is interestingbetnotunexplored
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This is an algebraic inverse so is 5 a toy
inverse for Unfortunately notquite
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	 	 	 	 	 	 	 	 	 Stretching

exegoFi4 gfI
YfEpoxtp.fB.ic it is

Howmuch does a given autoherbchesh change thelength
of a given loop Esp when akklied rekeatedly

Sugyose wegive each basis loots a length They
its clear that say LCfCaD LGatLCDIf Lca L L p 44 8 then ourlengthscaling is the system

Ei DWe'd really liti an eigenvectorand eigenvalueThen we'd haveLff'faD Xtx Lff HttThis is an ired like integer matrix which is
a purelyalgebraic

kickertywhich entails theuniqueexistence of a g five eigenvectorwith eigenvalue21 This is certainly soothing we'd likepositive vector because these are lengths andgorge eigenvector sincewe're scalingupIn ourcase the correct eigenvalue is about1.75 Herc's the Grable hi If youdeifahit twice on c you'llget a length lessthan
Xpprecisely because of the required



I 9
cancellation The trick is to first do
a
change of basis to remove the
Hoblematic cancelCaxias In Kartikaour new basis is KIA y's Z sof x 2 y feed Z JEZ x Our newmatrix is Her

EWhich has a new unique eigenvalue
satisfying Orr required grayertiesThe claim is that this one works i e forour ne t talk KATYA BandFEZ 7kg The reason is that this sharkalways work so long as we never run into
the situation of cancellation Cancellation
Occurs precisely when we have the letters
next to eachother such that if endswith
the inverse of f G Specifically we cue a bat
turns the transition of making one letterto the next An example of a badEunis goingfrom a toy we can cheer Eat
FG y I YZ t

z whichcancels Wedenote this
turn by XYZ with the understanding that
cancellation occurs when the first is inverted



The reason for this is that in this notation
a b3 is good Eba isgood

Thee are therefore 3 turns EKG 2 gasbutdistinct ones and its easy to see thatonly CNY is problematic ThereforeSo long as refeatedly stretching our generators
never yields d ly or y K weshould begoodall the other 11 to as legal our goalaxioms are that
Legal fury had to legal turns order f
If a generator ways to a turn it's legal

Storting


